The question of the existence of proper, dense subgroups in LCA groups has received some attention in recent years (see [3] , [6] and [8] ). The more special case of totally dense subgroups came to our attention through a preprint of [2] , in which the authors prove, among other things, several results about the existence of pseudocompact, totally dense subgroups in certain classes of compact groups. In this paper the general question of the existence of t.d. subgroups in LCA groups is considered in Theorem 2. In Theorems 1 and 3, conditions are obtained on an LCA group so that it may contain special types of t.d. subgroups. Some interesting algebraic constraints on t.d. subgroups are obtained in Proposition 1. Our basic references for facts on abelian groups and LCA groups are [4] and [5] respectively. The symbol « denotes group isomorphism, while we use = for topological group isomorphism. We emphasize that our t.d. subgroups are proper subgroups. We also note that an admissible LCA group is nondiscrete and infinite, and that every monothetic subgroup of such a group is either finite cyclic or infinite and compact.
We begin with three lemmas. LEMMA Proof. Suppose the condition is satisfied for every monothetic subgroup. Let L be an arbitrary closed subgroup of G, and let x E L. Then (x ) say, is a monothetic subgroup of L so xGMΠHcLΠH. Thus L Π H Since the reverse implication is obvious, the proof is complete. LEMMA 
Let H be a t.d. subgroup of an LCA group G. Then t(G) C H and G = B(G).

Proof. Let x E t(G). Then (x) is a closed, discrete subgroup of G. Hence (x) Q H so t(G) C H. Next, let j > £ £(G)
.
Let G be an infinite, compact monothetic group, (a) For every positive integer n, nG = {ng: g E G} is an open subgroup of G; in particular, every subgroup of finite index in G is open, (b) For g E G, ng is a metric element of G if and only if g is a metric element, (c) // H is a proper, dense subgroup of G, then G/H is divisible, (d) // G is totally disconnected and H is a proper subgroup such that G/H is divisible, then H is dense in G.
Proof, (a) Suppose G = (x). Since G is compact, nG is also compact. Now nx E nG and (x) is dense in G, so nG must be of finite index in G. Hence, nG is an open subgroup. Next, let K be a subgroup of index n in G. Then nG C K, so K is open, (b) If g is a metric element, then ng is also a metric element because ng E ( g ). Conversely, suppose ng is a metric element and let (g) = //. We are now ready to present our first theorem, for which we draw heavily from the results in [9] . THEOREM Proof. Clearly G is admissible. The assertion about pseudocompactness follows from [9, Theorem 3.6] .
The next proposition brings out some interesting properties of t.d. subgroup.
; then g is of infinite order and ng ξ£ m{G) for any nonzero integer n [Lemma 3(b) ]. This means G/H is torsion-free, (c) Since
is divisible. By [9, Theorem 3.6] Proof. First, G is divisible by [1, Theorem 1] . Let H be a compact, open subgroup of G. Since G is totally disconnected and the closure of a divisible subgroup of a compact, abelian group is divisible (hence connected), H contains no nontrivial divisible subgroup. Suppose, if possible, Proof. First suppose G is not totally disconnected. Then G contains a copy of Z, so that T, the multiplicative group of complex numbers of absolute value one, is a homomorphic image of G. 
The proof is complete.
LEMMA 6. Lei G be an infinite, compact, monothetic group with a subgroup H such that G/H is a torsion-free group of rank one. The H -G and G/H « Q.
Proof. First let G be totally disconnected. By [5, 25.13] We now come to our main result.
and duality, every closed subgroup of G is monothetic. Now H/H is trivial or H/H is divisible, by Lemma 3(c). So as a subgroup of G/H, H/H is trivial or «
THEOREM 2. Λw LC4 group G contains a t.d. subgroup if and only if G is an admissible group.
Proof. If G has a t.d. subgroup, Lemma 1 ensures that G is admissible. Conversely, G contains a dense subgroup H such that G/H « ζ) [Lemma 5] . Let AT be an arbitrary compact, monothetic subgroup of G. If K is finite, then clearly K C H. Assume K is infinite. Then
is either trivial or » to a torsion-free subgroup of rank one. In the first case, K C H; in the second, K Γ\ H -Kby Lemma 6. An appeal to Lemma 2 completes the proof. COROLLARY 
^4 compact abelian group G contains a t.d. subgroup if and only if G is not a torsion group.
Proof, A compact abelian group is admissible exactly when it is not a torsion group. COROLLARY 
Let G be an admissible LCA group. Then G contains a t.d. subgroup H such that G/H
Proof. A perusal of the proof of Theorem 2 leads immediately to a proof of this corollary.
We now deal with the question: When is t(G) a t.d. subgroup of an LCA group GΊ First we prove a lemma. LEMMA 
Let G be an infinite, compact abelian group containing no nontrivial closed torsion-free subgroup. Then t(G) is dense in G.
Proof. By [5, 24.24 
] t(G) is dense in G if and only if C\™ =x nG is trivial. Combining Proposition 4 with Lemma 1 of [7], we get that t(G) is dense in G.
Just as Theorem 1 depends on the results in [9] , our next theorem depends on the results in [7] . We recall that an LCA group G has property C if every proper closed subgroup of G is contained in a maximal (proper) subgroup of G. Several characterizations of property C appear in Theorem 3 of [7] . We also recall that an abelian group G is called totally reduced if every nontrivial homomorphic image of G is reduced. (For various results concerning totally reduced abelian groups, see [7, ). THEOREM 
An LCA group G has t(G) as a t.d. subgroup if and only if G is not a torsion group and G has property C.
Proof. Suppose t(G) is t.d. in G.
Then G is not a torsion group. Also G contains no nontrivial closed torsion-free subgroup. Hence, G has property C [7, Theorem 3] . For the converse, we note first that G is totally disconnected [7, Theorem 3(b)], so duality yields G -B(G) . Thus G is an admissible group. Let K be an infinite, compact subgroup of G. Then by Lemma 7, t(G) Π K is dense in K. By Lemma 2 we conclude that t(G) is t.d. in G, and the proof is complete. COROLLARY 
A compact, abelian group G has t{G) as a t.d. subgroup if and only if G is totally reduced and not of bounded order.
Proof. Since G is a discrete group, property C is the same as the property of being totally reduced. Again, the compact group G is not a torsion group if and only if the orders of the elements of G are not bounded.
Finally, we set down a few results in the next proposition to provide some more feeling for compact, abelian groups with totally dense torsion subgroups. PROPOSITION 
Let G be a compact, abelian group with t(G) as a t.d. subgroup. Then the following hold:
(a) G is finite dimensional. Proof, (a) G is totally reduced. Also r(G) = r(G/t{G)), where r(G) denotes the torsion-free rank of G (see [4, Exercise 3, p. 86] ). By [7, Proposition 3(b) ], r (G/t(G) ) is finite. Hence, G is finite dimensional [5, 24.28] .
(b) If G is connected also, then G is torsion-free and totally reduced. Here G is isomorphic with a torsion-free, countable subgroup of T d , and so G is metrizable and monothetic [5, Theorems 24.15 and 24.32] .
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